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'^1^ . Canonical transformations (Bogoliubov transformations) for fermions with an infinite 

Q>^ ' number of degrees of freedom are studied within a calculus of superanalysis. A continuous 

04 . representation of the orthogonal group is constructed on a Grassmann module extension 

of the Fock space. The pull-back of these operators to the Fock space yields a unitary ray 
' (— I '. representation of the group that implements the Bogoliubov transformations. 

"5 ■ 1 Introduction 

^ . 

Canonical transformations for fermions have been introduced by Bogoliubov [9l [10] and by 
Valatin |28l [29] to diagonalize Hamiltonians of the theory of superconductivity. Canonical 
CN ! transformations for systems with an infinite number of degrees of freedom have been studied 

^' ' for bosons and for fermions in the book of Friedrichs [12]. Mathematically minded investi- 

\^ • gations for fermionic systems are often based on a study of the Clifford algebra of the field 

operators, cf. e.g. |27[ [Tl [2t [5} [^ . The group theoretical structure of the canonical transforma- 
tions for fermions is that of the (infinite dimensional) orthogonal group, which acts on the real 



(N 

^T . Hilbert space that underlies the complex one particle Hilbert space. An alternative approach 

-Y-\ . to canonical transformations is therefore the construction of a unitary representation of this 

orthogonal group. After partial solutions e.g. in the books |12l \7\ a complete construction 
has been given by Ruijsenaars [251 [26] with rigorous normal ordering expansions. 

In this paper we present fermionic canonical transformations with the methods of infinite 
dimensional superanalysis as presented in Ref. [19]. This approach of superanalysis uses 
^.' Grassmann modules with a Hilbert norm in contrast to the standard literature, which either 

concentrates on the algebraic structure of finite dimensional superanalysis and supermanifolds 
[3 [H], or - following [23] - uses a Banach norm for the superalgebra, cf. e. g. [lU [TTl [24] . 
The aim of the paper is twofold. In the first part we recapitulate and amend the genuine 
infinite dimensional superanalysis of Ref. [19j. The main tool is the Grassmann module 
extension of the fermionic Fock space. In the second part of the paper a representation of the 
orthogonal group is constructed on the linear span of fermionic coherent vectors, which exist 
in the module Fock space. Then the pull-back of the module operators to the physical Fock 
space leads to a unitary ray representation of the orthogonal group. 

The plan of the paper is as follows. In Sec. [2| first some facts about Hilbert and Fock 
spaces are recapitulated. Then an essentially self-contained presentation of superanalysis in 
infinite dimensional spaces follows. Superanalysis allows to define coherent vectors and Weyl 
operators also for fermions. Weyl operators and their interplay with canonical transformations 
on the fermionic Fock space are discussed in Sec. [3l The properties of the infinite dimensional 



orthogonal group are reviewed in Sec. HI The construction of the representation of the 
orthogonal group on the module Fock space and the pull-back to the physical Fock space is 
given in Sec. O The subclass of orthogonal transformations, for which the transformed vacuum 
has still an overlap with the old vacuum, is investigated in Sec. 15.11 The representation of 
these transformations is given with the methods of superanalysis on the linear span of coherent 
vectors. These calculations are the fermionic counterpart to the representation of the bosonic 
canonical transformations in Ref . [18] . The representation of the full orthogonal group follows 
in Sec. 15.21 The orbit of the vacuum generated by all canonical transformations is given in 
Sec. 15.31 Some proofs and detailed calculations are postponed to the Appendices El and IHl 

2 Fock spaces and superanalysis 

2.1 The Fock space of antisymmetric tensors 

In this Section we recapitulate some basic statements about Hilbert spaces and Fock spaces of 
antisymmetric tensors. Let ?^ be a complex separable Hilbert space with inner product {f \ g) 
and with an antiunitary involution f ^- f*, /** = (/*)* = /. Then (/ || g) := (/* \ g) G C is 
a symmetric C-bilinear form (/ || g) = {g \\ f) , f,g £ %. The underlying real Hilbert space 
of T-L is denoted as 11^. This space has the inner product (/ | g)^ = Re (/ | 5^). 

We use the following notations for linear operators. The space of all bounded operators 
A with operator norm ||^|| is C{l-L). The adjoint operator is denoted by AJ . The complex 
conjugate operator A and the transposed operator A^ are defined by the identities Af = 
{Af*y and A^f = {A^ f*)* for ah f (^U. The usual relations A^ = {A)'^ = (A^) are vahd. 
An operator A G C{T-L), which has the property A^ = it A, satisfies the symmetry relation 
(/ II Ag) = lb {Af II g) for all f,g^l-L. It is called transposition-symmetric or skew symmetric, 
respectively. The space of all Hilbert-Schmidt (HS) operators A with norm ||^||2 = yiT-^A'^A 
is C2{T-L), the space of all trace class or nuclear operators A with norm \\A\\^ = tr^v^t^ is 
CiiJ-L). The HS operators with the property A^ = -iiA form a closed subspace within C2{'H) 
for which the notation £2 (^) is used. The space of all unitary operators in C{T-L) is called 
tl{T-L). Projection operator always means an orthogonal projection. 

The antisymmetric tensor product or exterior product is written with the symbol A . 
The linear span of all tensors /i A • • • A /„, fj £ Ti, j = 1, ...,n, is denoted as 71^'^. The 
space Ti^^ is the one dimensional space C. The Hilbert norm of the space 'H^'^ is writ- 
ten as ||.||„ and the exterior product of the vectors fj £ Ti, j = l,...,n, is normalized to 
ll/i A • • • A /„||^ = det {fi I fj). The completion of the space 7i^^ with the norm \\.\\^ is the 
Hilbert space Ani^H)- The exterior product extends by linearity to the linear space of tensors 
of finite degree Afin{T-L) = U^^q ©^^o-^n(^)- This space is an (infinite dimensional) Grass- 
mann algebra. The unit is the normalized basis vector l^^c (vacuum) of the space T-L^^ = C 
If J^ C "H is a closed subspace of T-i then An (J^) is the completed linear span of all tensors 
/i A • • • A /„, fj G J", and Afin{J^) := ^^=0 ®n=o A (-7^) is a subalgebra of AfiniV.). 

Any element F £ Afin(T-l) can be decomposed as F = Yl^=o^n-, Fn G AniT-i), and it is 
given the norm 
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The completion of Afini'H) with this norm is the standard Fock space of antisymmetric tensors 
A{7i) = (B^^QAniTi)- The inner product of two elements F,G £ A{'H) is written as {F \ G). 



The antiunitary involution f ^ f* onT-L can be extended uniquely to an antiunitary involution 
F -^ F*on A{n) with the rule (F A G)* = G* A F* . Then {F \\ G) := {F* | G) is a C-bilinear 
symmetric form on A{T-L). Any bounded operator B G C{T-L) can be lifted to an operator T{B) 
on A{n) by the rules r(B)l„„, = l^^c and r(5) (/i A • • • A /„) := BfiA---ABfn, fj en,ne 
N. The operator T(B) is a contraction, if i? is a contraction, and it is isometric/unitary, if B 
is isometric/unitary. 

For products of vectors we use the following notation. Let A CN be a finite subset of 
the natural numbers with cardinality |A| = n > 1. Then the elements of A can be ordered 
A = {oi < ... < an}- Given the vectors fa, a £ A the tensor /a is defined as the product 
faj A ... A fa„ with ordered indices. For the empty set A = we define /0 = Ivac- If 
fb, 6 G B, is another family of vectors, indexed by the finite set B cN, A n B = 0, then the 
exterior product of these vectors is /a A /b = (— 1)^^'^''^^/aub- The exponent r(A,B) := 
#{(a, 6) G A X B I a > 6} counts the number of inversions. In the same notation we write 
za for the product Za-i^Za^ ■ • • Za„ of the complex numbers Za, a £ A, with Z0 = 1. The symbol 
X^AcN always means summation over the power set ViN) of N, i.e. over all finite subsets of 
N including the empty set. 

2.2 Superanalysis and coherent vectors 

Superanalysis allows to define coherent vectors and Weyl operators also for fermions. An 
approach of superanalysis for spaces with infinite dimensions has been developed in |I9]. In 
this Section we present a slightly modified and extended version of superanalysis, which is 
used in the subsequent calculations. Some proofs are given in the Appendix El or in Ref. [19j . 
For the superalgebra A we choose a Grassmann algebra A which differs by notations and a 
weaker Hilbert norm from the Fock space A{T-L). The Grassmann algebra is the direct sum 
A = ©p>oAp of the subspaces Ap of tensors of degree p. The generating space is the infinite 
dimensional Hilbert space Ai. The space Ap is given the Hilbert norm ||.|| of antisymmetric 
tensors of degree p normalized to the determinant (as for Ap{'H)). The unit is denoted by kq, 
and it has the norm ||ko||o = 1- The topology of A is then defined by the Hilbert norm 
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if A = X^^^o '^P' "^p ^ ^p- '^^^ antisymmetric tensor product of two elements Ai and A2 of A is 
now denoted as Grassmann product and it is written as A1A2. As consequence of the topology 
([2]) this product is continuous with the estimate ||AiA2||yv ^ V^ ||Ai||^ II'^2|Ia) cf. [IH] Appendix 
A or [20]. If Ai G Ai and A2 G A the stronger estimate ||AiA2||a < ||Ai||^ II'^2||a follows as for 
the standard Fock space. This Grassmann algebra is a superalgebra A = Ag © Aj with the 
even part Ag and the odd part Aj consisting of tensors of even or odd degree, respectively. As 
additional structure we introduce an antiunitary involution k — )• k* in the generating space 
Ai. This involution is extended to an antiunitary involution A — )• A* on A by the usual rules. 

Remark 1 The Grassmann algebra A is needed for a correct bookkeeping of the fermionic 
degrees of freedom. There is no canonical way for such constructions, and instead of a Grass- 
mann algebra one can take a more general superalgebra A. In the literature about superanal- 
ysis the topology of A is either not discussed, or - following f23^ - the Grassmann algebra is 
equipped with a Banach space topology, cf. e.g. /75|, [T7[ \24^ . But a Hilbert space topology is 
easier to handle, and the pull-back to the Fock space of standard physics is more transparent. 



The Hilbert space %, the algebra of antisymmetric tensors Afmi'H) and the Fock space 
A{n) can be extended to the A-modules Ti^ = K®n, Aji^{n) = U^^g ®^^q A^An{H) and 
A^iTi) = A^A{'H)u The Hilbert norm of the module Fock space A^iTi) is denoted as ||.|||g|. 
The A-linear space A^^iTi) is a pre-Hilbert space with completion A^CH). The tensor product 
of Afmi'H) has a A-linear extension A^-^{7i) 3 Hi,H2 — ^ Hi o H2 G A^j^^{7i). This product is 
uniquely determined by the rule Hi o H2 = A1A2 fX" (-Fi A F2) if Ej = Xj Fj G A (g) Afin(T-L) , 
j = 1,2. Any tensor H can be written as series H = Yl'^on=o'^p,n with Hp^„ E Ap^^AniT-l). 
If the set {p + n \ Hp^„ 7^ 0} contains only even (odd) numbers, we say the tensor H has even 
(odd) parity, 7r(H) = 0(1). With this parity the module A^^^{%) is a Z2-graded algebra. 
If the tensors and H have the parities 7r(0) = p and vr(H) = q, the product satisfies 
0oH = (— l)P'^Ho0. The product o H is not defined on the full the module Fock space 
A^{T-L), but it can be extended to a larger class than A^^^i'H) by continuity arguments, cf. 
Appendix lA.ll and Lemma [21 

The inner product of ^(?^) has a unique module extension to A {H) with the property 
(A O F I ^ G) = A*/u(F I G) G A where A, |U G A and F, G G AiU). This A- valued inner 
product A^{U) X A^{Wj 3 (G,H) -;> (9 | H) G A has the hermiticity property (9 | H)* = 
(H I 9), and it satisfies the norm estimate ||(9 | H)||^ < -y/S ||9||^ ll'^'ll®) cf. [19j. If the tensors 
9 and H have the same parity, 7r(9) = vr(H), the form (9 | H) G Ag is an even element of 
A. The involution of AlT-L) can be extended to an involution H — t- H* on A (Ti) with the 
property (A (d F)* = A* (gi F*, and the bilinear form (. || .) of AiTi) has a unique A-extension 
A^n) X A^{n) B (9,H) ^ (9 II H) := (9* | H) G A. 

The factorization property of the inner product of ^("H) for tensors in orthogonal subspaces 
leads to the following factorization of (9 | H): 



Lemma 1 Let Tii and Tii be two orthogonal closed subspaces of the Hilbert space %. The 

tensors 9j, Hj G A {%) , j = 1,2, are restricted by : 

(i) The tensors are elements of the orthogonal subspaces, 9i, Hi G A^{Ti.i) and 

92, H2G^^(W2). 

(a) The tensors 9i and Hi have equal parity. 

Then the products 9i o 92 and Hi o H2 are defined and the factorization (9i o 92 | Hi o H2) = 

(9i I Hi) (92 I H2) is true. 

If /i G A and T ^ C [AiTi.)) then there is a unique bounded operator /u (8) T on A^{%) that 
maps A(g)F G k'^A{K) onto fiX^TF e A^ACH). 

Definition 1 We call a continuous C-linear operator T on A (Ti) = AC!$A{'H) a regular 
operator, if it is can be represented as T = X^ieJ /^i '^ ^i 'u^iih fij G A, Tj G C {A{'H)) and a 
finite or countable index set J C N. The series X^/gJ II^jIIa ll^ill ^'^^ ^^ converge. 

The operator norm of T = Ylj^j l^j ® ^j ^^^ ^^^ upper bound T < V^J2jeJ II^jIIa II^jII- 

If Ti and T2 are regular operators, then the product riT2 is a regular operator. Let T be a 
bounded operator on A^{'H), then the operator T+ is called the superadjoint operator of T, 

if the identity (9 | TH) = I r+9 | HI is valid for all 9,H G A {Ti). For a regular operator 



T = X^j Aj (Si Tj the superadjoint operator is the regular operator T+ = X^^ A* iS" T- . In 



^The tensor product Tii ® H2 of two Hilbert spaces means the algebraic tensor space. The completion of 
"Hi ® ^2 with the Hilbert cross norm is 'H.\®'H2- 



general the superadjoint operator is not the adjoint operator in the standard definition using 
the C- valued inner product of the Hilbert space A (Ti). 

For the subsequent constructions we define the fermionic superspace as the completed 
tensor space Ti^ '■= Ai^dTi. The algebraic superspace T^^'** := Ai ig) ^ is dense in Ti\. The 
inclusions 7^^'" C Ha C Ti^ C A^{'H) are obvious. The elements of "Ha have even parity, and 
for (,,r] £ T-La the A-extended inner product has the hermiticity properties (^ | r/)* = (?? | = 



Remark 2 In Ref. fl9f the fermionic part of the superspace is introduced as Aj®?^ with 
the full odd subspace Aj of the Grassmann algebra A, and the coherent vectors exp ^ are 
defined with arguments S, € Ki^T-L. Here we use the strictly smaller superspace Ha = Ai®H 
with the generating Hilbert space Ai of A. In JWjj this space was called restricted superspace. 
Calculations with Aif^H allow better norm estimates. 

In choosing the superspace Ha = Ai®H the multiplication with supervectors ^ G Ha has 
the following property: 

Lemma 2 Let ^ G Ha = Ai^H be a supervector, then the mapping A^^^{H) 9 — )■ ^ o g 
A^^^{H) can be extended to a continuous mapping on A [H) with the norm estimate 

lieoe||^<||CI|^||e||^,eG^^(?^). (3) 

The proof of this Lemma is given in the Appendix lA.ll 

If ^ is a bounded operator on H, then kq (^ A is a, bounded operator on Ha that maps 
^ = H ® f £ Ha onto (kq ® A)^ = ^ (^ Af G Ha- To simplify the notations we write A^ 
instead of (kq ® A) ^. 

The fermionic coherent vectors are defined as |l9j 

oo 

HA3^^e^p^ = Y, (P!)"' e G A^{H). (4) 

p=0 

The norm convergence of this series follows from the estimate ([3]) with ||exp ^H^ < 
Z]p (pO~ II'^^II® ^ Sp (pO~ IIC||(J'- The exponential exp ^ is therefore an entire analytic func- 
tion on Ha, and the usual multiplication rule (exp S,) o (exp rj) = exp (^ + r/) holds. The expo- 
nential vectors have even parity. If {e^ | A: G N} is an ON basis of H, the tensors {eK | K C N} 
are an ON basis of A(H). Any supervector has the representation ^ = X^fceN-^fc '^ ^k 
with elements A^ G Ai, X^feg^llAfcll^ = HCll^- Then the exponential vector is the series 
exp ^ = Ekcn-^k ® eK, and (exp ^ | exp ^ = I]kcn(^k)*Ak = exp (^ | £) follows. The 
A-inner product of two exponential vectors is therefore 

(exp ^ I exp T]) = exp (^ | r/) . (5) 

If and H are tensors in A {H), which have even parity, and for which the product o H 
is defined, the formula 

(exp ^ I o S) = (exp ^ | 0) (exp ^ | H) (6) 

is valid. This rule is obviously true for = exp r/ and H = exp C, with rjX ^ Ha- If i] is 
a tensor of degree 2p and ^ is a tensor of degree 2q, the identity ([6]) follows for the terms 



with the highest tensor degrees, i.e. Q = rf and r. = C,'^. Some algebra — using techniques of 
Appendix B in [19] - leads to the rule for 0, H G A%^{T-L) with even parity. Then continuity 
arguments extend the identity to those elements of A {H), for which G o H is defined. 

The C-linear span of {exp ^ | ^ S T-La} is called C{'Ha), the A-linear span A (g) C('Ha) is 
called C^{%\). With the identification €{1-1 a) ~ kq ®C{'H\) the space C{'Ha) is a subspace 
of C (T-La), and we have the inclusions T-La C €{1-1 a) C C {Ha) C A {T-L). Despite the values 
taken by functions $ E C{T-La) only trivially intersect with the fermionic Fock space A{T-L) the 
following Lemmata are true. 

Lemma 3 A tensor H S A {Ti) is uniquely determined by the function 
■Ha 9 C ^ (exp C I S) G A. 

The proof of this Lemma follows from Sec. 5.3 of |19] Lemma 4 and Corollary 2. 

Lemma 4 Let T be a regular operator on A {Ti). Then T is uniquely determined by its 
values on the set of coherent vectors {exp^ | ^ G "Ha}. 

Proof. The operator T is a linear and continuous operator on the Hilbert space A {H). 
It is sufficient to prove that Texp^ = 0, ^ G T-La, implies TH = for H G A^{'H). Given the 
regular operator T = ^ • fij (g) Tj it has the bounded superadjoint r+ = ^ • ^^ (g) T . Assume 

Texp^ = is true for all ^ G "Ha- Then = (Texp^ | expryj = (exp^ | T+expr/j holds for 
all ^,rj G T-La, and - as a consequence of Lemma [3]- the identity T"'"expry = is true for all 
T] G -Ha- But then we have fexp^ | TE) = (f+exp^ \ EJ = for^ G ?^a and S G A^{'H). 
Hencef H = Ois truefor Hg^^(?^). D 

This Lemma implies 

Corollary 1 Let T be a regular operator on A {T-L). Then T is uniquely determined by the 
function T-La ^ £, ^ (exp^ | T expM G A. 



Proof. The Lemmata [3] and [4] imply that T is determined by the function ip{i,ri) := 
( exp ^ I T exp rj 1 , which is analytic in ry G T-La and antianalytic in .^ G T-La- Such a function is 
uniquely determined by its values on the diagonal ^ = rj. D 

The Fock space creation and annihilation operators a'^{h)F = h A F, h £ T-L, F £ A{'H), 
and a~{h) = (a"*"(/i)) have an extension to C-linear operators b'^{r)) and b~{ri), rj G T-La, on 
A {T-L). The operator b~^{ri) is simply given by 6^(r/) H = rjoE with rj G T-La for all H G A {T-L). 
The operator 6~(r/) is the superadjoint 6~(r/) = (6+(r?)) . For rj = ^ ■ ^j (g/j G ?^a we obtain 
b'^{ri) = "^j fJ'j (g a^{fj) and 6^(r/) = Ylj l^'j ^ '^{fj)- The operators 6^(r/) are continuous 
with operator norm ||b^(f?)|| < ll^/ll^ , ^ G T~ik, cf. the end of Appendix lA.il The mapping 
T-La 9 ?7 — )• b'^{r]) is C-linear, and r] — )■ b~{r]) is C-antilinear. The operators b {rf) are regular 
operators. Lemma S] implies that the operators b^{r]) are uniquely determined by their values 
on coherent vectors exp ^, ^ G T-La- A simple calculation gives for all ^,r] £ T-La 

b^ {t]) exp i = rj - exp ^, b~ (r/) exp ■? = (f? | C) exp ^. (7) 



2.3 Exponentials of tensors of second degree 

Given a skew symmetric HS operator X on ?^, then there exists exactly one tensor i}{X) E 
A2{'H) such that {n{X) \\ f A g) = {f \\ Xg) for all f,g GTi, cf. Appendix |AH The expo- 
nentials of tensors in A2i'H) have been investigated in the literature, e.g. in Chap. 12 of 
[22]. But for completeness and to fix the normalizations we derive the following statements 
in Appendix lA. 21 

1. For X £ C2{Ti) the exponential series 

expfi(X) = l^ac + ^f^(^) + ^_^{X) A niX) + ... (8) 

converges uniformly in A{'H), and the mapping £2^(7^) 9 X — )• exp$7(X) € A{'H) is 
entire analytic. 

2. The inner product of two of such tensors is 



{ex.pn{x) I expji(y)) = ydet(/ + xty) = -^det(/ + yA:t), x,Y £ c^in). (9) 

The mapping ^("H) 3 F ^ kq^ F £ A (T-L) gives a natural embedding of the Fock space 
AiTi) into the A-module A^iH) = A^AiH). The tensors ([5]) can therefore be taken as the 
elements '^{X) := kq (g) expi}{X) = exp (kq (X" ^{X)) of ^^(^). In Appendix IA.3I we prove 
that the products 

*(X, ■■= (exp ° ^(^) = ^(X) o (expO = exp (^ + kq ® ^(^)) (10) 

of the coherent vectors dH and of the exponentials '^(X) are well defined elements of A^{'H) 
for all X G £^(?^) and ^ £ TiA The mapping £^(?^) x ?^a 9 {X,^) -^ ^(A:,^) G ^^(?^) is 
entire analytic. The vectors ^{X,S,) are called ultracoherent vectors, cf. the bosonic case in 
Ref. |18j . The A-inner product of a coherent vector with ^(A, r/) is, cf. Appendix IA.3[ 

(exp e I *(X, r/)) = exp ("^ I r/ + ^ A t) , (11) 

and the A-inner product of an ultracoherent vector with itself is calculated in Appendix IA.3I 
as 

(^i/(A,e)i^(A,o) = 

det(/ + AtX)exp Q {C \\ AC) + {C II B^) + ^ (? II A^ C)) (12) 

with the operators A = X{I + ATA)"^ and B = (I + XX^y^. The mapping UaxT-Lk^ 
{^,1]) — )• (^ II Tt/) = (^* I Trj) £ A2 is well defined for any bounded operator T £ C{T-L) with 
the norm estimate ||(^ || Tr/) ||^ < ||T|| ||^||^ Ikll®- If T is a skew symmetric operator, the 
form (^ II Tt]) is symmetric in (^ and r]. The exponential series of these A2-valued forms is 
absolutely converging within A, cf. Appendix lA. 21 



3 Weyl operators and canonical transformations 

3.1 Weyl operators for fermions 

It is convenient to define Weyl operators for fermions W{rj) with?] G "Ha first on C{'Ha) by 
tlieir action on exponential vectors, as it has been done for bosons, cf. Sec. 3.1. of [18j, 

W{r]) exp C := e-(^l«)-5('?l^) exp (r/ + ^ G Aq «> CCHa). (13) 

The operators W{r]) form a group with VF(0) = id, and 

Wi^Wif]) = e-^'^(«'^%(e + rj), ^,rj£ -Ha- (M) 

Thereby a;(^,r/) is the M-bilinear antisymmetric form 

■Hax'Ha3 itv) ^ ^itv) = ^ ((e h) - (^ I 0) e A2 C Ag. (15) 

The relation (|14p implies that W{r]) is invertible with W^^{r]) = W{—r]). The expectation of 
the Weyl operator between exponential vectors is calculated as 

(exp^ I W{r]) exp^) = exp ((^ \ + (^ \ v) - iv \ - h iv \ v)) = {W(-r])ex.p^ \ exp^- 
These identities imply the relation ^^+(77) = W{—t]), valid on C{Ha)- 

For fixed r] G T-La the operators M 9 t — t- W{tr]) form a one parameter group. The generator 
Dr] of this group follows from (fT3l) as Dri exp ^ = ■^W{tri) exp ^ |i=o= — {v \ ^xp ^ + 1]' 6xp C, 
i.e. D^ = —b~{r]) + b'^{r]), where b^{r]) are the creation and annihilation operators ([7]). Since 
these operators are bounded operators on A (T-L), the Weyl operator can be defined by the 
exponential series expansion 

W{r]) = exp (6+(??) - 6-(r/)) = e'^^'^l'') exp (6+(??)) exp (-6"(??)) (16) 



for 7] G T-La as bounded operators on the module Fock space A (T-L). The operator (fT6|) 
is a regular operator in the sense of Definition [H and it agrees on C{Ha) with (fTB|) . As a 
consequence of Lemma[3]the relations VF~^(r/) = VF(— 77) = VF'''(ry) are true on A {T-L), and 
the following identity is valid for r/ G ?^a and all tensors S, T G ^ (?{) 

(PF(r?) H I W^(r?) T) = (VF+(r?)VF(r/) H | T) = (H | T) . (17) 

In Appendix lA. 31 we calculate the action of W{rj) on the ultracoherent vectors (jlOp and obtain 
the formula 

VF(?7)^(X,0 =e-3N'')+iN^''*-2?)^(X,^ + 7?-Xr?*) (18) 

with X G C2 and ^,r] £ T-La- Finally, we list two properties of Weyl operators that are used 
in the subsequent Sections: 

1. Let P be the projection operator onto the closed subspace T C T-L. If the restriction 
PS = SP of the operator 5" G £(?^) is a unitary operator on T, and if r] is an element 
of A® J-" C T-La, then the following identity is true 

t{S)W{ri)t{S^P) = W{Sri)t{P). (19) 



2. Assume Pj, j = 1,2, are projection operators onto orthogonal subspaces Tij = PjTi of 
the Hilbert space 7i, and P = Pi + P2 denotes the projection operator onto "Hi ® 'H2- 
Then the Weyl relation ()14p implies the factorization into W{Pr]) = W {Piri)W {P2r]) = 
W {P2r))W [PiT]) . Under the additional assumption that H E A {'H) is the product S = 
S10S2 of the tensors Ej G A^iTij), j = 1,2, where Si has the parity 7r(Si) = fe G {0, 1} 
we obtain 

W{Pr,) H = (WiPir,) Hi) o (w {{-!)'' P2V) H2) . (20) 

The identity (J19p is a consequence of the transformation behaviour T{S)a^[h)r{S^ P) = 
a^{Sh)T{P), /i G J^, of the creation/annihilation operators in A{'H) under unitaritary trans- 
formations of Ti. The identity (I20p follows from (I16p and the relations b (Pirj) H = 
(6^(Pir/) Hi) o H2, b^{P2rj) H = (— l)'^Hi o (6^(P2^) H2) for the module creation/annihilation 
operators ([7|. 

3.2 Canonical transformations 

The canonical anticommutation relations (CAR) for the Fock space creation and annihila- 
tion operators {a~ {f) , a^ {g)] = a-{f)a+{g) + a+{g)a'{f) = {f \ g) I and {a+(/),a+(/)} = 
{a~(/),a~(/)} = can be written in the more condensed form using the antihermitean dif- 
ference A(/) := a^{f) — a~{f). This difference is a function on %^ - the underlying real 
space oil-L - which has the inner product l-L^ x "Hr 9 {f-,g) -^ if I 5)r = Re (/ | 5) G M. The 
anticommutation relations 

A{f)A{g) + A(5) A(/) = -2 (/ | 5)m / with /, 5 G ^R (21) 

are equivalent to the CAR of the creation and annihilation operators. In Sec. Owe construct 
unitary operators T on A{T-L) that implement M-linear transformations of the creation and 
annihilation operators 

Ta^{f)T^ = a^{Uf)-a^{Vn (22) 

such that the canonical anticommutation relations remain unchanged. Here U and V are 
bounded linear transformations on Ti. The transformations a^{f) — >• a^{Uf) — a^iVf*) 
are called canonical transformations or Bogoliuhov transformations. Using the operators 
^(/)) / G ^K) the transformation rules ([22]) can be combined into 

rA(/)rt = A([// + yr). (23) 

The mapping 

fenM^R{U,V)f:=Uf + Vf*enR, (24) 

with U, V G CiTi) is the general continuous R- linear mapping on 7i^. The canonical anti- 
commutation relations (I2ip are preserved, if the inner product of Ti^ is invariant against this 
mapping, i.e. if 

{R{U, V)f I R{U, V)g\ = [Uf + V f* \\ Ug + Vg*)^ = (/ | g)^ (25) 

holds for all f,g G TIm- An invertible operator R{U,V) which satisfies this identity is an 
orthogonal transformation of the space Ti^. Such transformations actually form a group, 
which is discussed in more detail in Sec. HI For infinite dimensional Hilbert spaces Ti - 



needed for quantum field theory - an additional constraint turns out to be necessary: In 
order to obtain a unitary representation, which has a vacuum state, the operator V has to 
be a HS operator [12l [271 H! • This restricted orthogonal group of the space "Hm. will be called 

There exists a large number of publications, in which unitary representations of this group 
on A{'H) are investigated, cf. e.g. [HI [TJ [261 EI]- It is the aim of this paper to construct 
a ray representation of the group 02{'Hk.) with the methods of superanalysis as presented 
in Sects. [2] and [3l That amounts to the construction of a representation by continuous 
operators T{R), R G C'2(^r), acting on the module Fock space A {%) with the following 
property: T{R) is the product T[R) = k,q ® T{R) where T{R) is a unitary operator on 
A{7i). Using the creation and annihilation operators ([T|) and D^ = b'^{£,) — b{^), (, G Ha, 
the canonical anticommutation relations (j2ip are equivalent to the commutation relations 
D^Dr^—DrfD^ = —2iu}{^, 7]) with the antisymmetric form (jlSp of the Weyl relations. Extending 
the operators ([M]) to M-linear operators on Ti^ by the rule 



R{U,V)if,(^f) = fx0Uf + f,*(^Vr, fieAufen, (26) 

we obtain the relation 

uj{R^,Rr])=u{^,r]),^,i^e'HA, (27) 

which is equivalent to (|25p. Hence a unitary operator T{R) on A(T-L) generates the Bogoliubov 
transformation (122[1 if 

f{R)W{^) = W{Ri)f{R) (28) 

is true with f{R) = kq (g) T{R) for all ^ G ^a. 

4 The orthogonal group 

4.1 Definition 

The following proposition is well known: 

Proposition 1 The transformation (2^ TIr 3 f ^ R{U, V)f = Uf + Vf* G Hr is an 
invertible linear transformation that preserves the inner product (/ || g)^ = Re (/ | g) of Hr 
if and only if U and V satisfy the identities 

UU^ + VV^ = 1 = U^U + V^V, (29) 

UV^ + VU^ = = U^V + V^U. (30) 

These transformations form the group of orthogonal transformations, which will be de- 
noted by C'('Hik). The multiplication rule is 

R{U2, V2)R{Ui, Vi) = R{U2Ui + ^2^1, U2V1 + V2U1). (31) 

The identity of the group is R{I, 0), and the inverse of R{U, V) is 

R-^{U,V) = R{U\V^). (32) 

In order to derive a unitary representation of the orthogonal group on the Fock space 
AiTi) an additional constraint is necessary if dim 7^ is infinite: The operator V has to be a 
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HS operator [12 1 127 1 H]. The subset of all transformations R{U, V) with a HS operator V forms 
a subgroup, which is denoted as C2(Wk). In the sequel we only consider transformations with 
this restriction, and "orthogonal transformation" always means a transformation in 02{'Hm.)- 
The relations ()29p and the HS condition for V imply 



1. U and U^ are Fredholm operators, i.e. the image spaces rant/ and rant/' closed, and 
the spaces ker U and ker W have finite dimension [13] . 

2. The spaces kerC/ and kerC/^ have the same dimension 

dim (ker U) = dim ( ker Wj < cx). (33) 



The second statement follows from the identities ()29p . which imply ker U = {f \ V'^Vf = /} 
and ker [/^ = |/ | VV^ f = /}. The positive trace class operators VV^ and V'^V have coin- 
ciding eigenvalues within the interval < A < 1, and the corresponding eigenspaces have the 
same finite dimension. 

A suitable topology for C'2(^r) is given by the norm 

\\R{U,V)\\:=\\U\\ + \\V\\,, (34) 

where \\U\\ is the operator norm of U £ C{T-L) and \\V\\2 is the HS norm of 1/ S C2iJ-L)- 
With this topology 02{'Hm) is a topological group, which has two connected components, cf. 
Refs. [3] § 6(1), [21J section 2.4. Thereby the identity component of C'2('Hm) is given by all 
transformations for which the space ker U has an even dimension. 

The subset of all operators R{S, 0) with a unitary operator S € U{T-L) forms the subgroup 
of all C-linear orthogonal transformations, which is called Q in the sequel. 

4.2 Orthogonal transformations -R(t/, V) with ker U ^ {0} 

If the operator U is not invertible, the Hilbert space can be decomposed into the orthogonal 
sums % = "Ho ffi ^1 = J^o® J^i of the following closed subspaces T-Lq = ker U\ Tii = ran U = 
(ker f7^) and J-q = kerU, T\ = ranC/^ = (ker [/) . The projection operators onto 7^^ are 
called Pk, and the projection operators onto Fk are called Qk, k = 0, 1. The identities ([29]) 
imply the relations PqVV^ = VV^Pq = Pq and QqV^V = V^VQq = Qq and the operator 
norm inequalities ||T^(5i|| < 1 and ||y^Pi|| < 1. From the identities (j30p we obtain the 
inclusions 

VFl C Ui, V^ni C Fi. (35) 

Therefore PqV = VQq is an isometric mapping from Fq onto T-Lq, and QqV^ = V^Pq is the 
inverse isometry from T-Lq onto Fq. 

The orthogonal transformation ()24p R{U^ V) is the sum of two M-linear mappings 

R{U, V) = R{0, PoV) + R{U, PiV). (36) 

The transformation R{0, PqV) = R{0, VQo) is an isometric mapping from Fqm. onto ?^oM with 
inverse R{0,QoV^), and R{U,PiV) = R{PiU,VQi) is an isometric mapping from Fik onto 
^iM with inverse R{U\QiV^), cf. the identity ([32]). 
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4.3 The left coset space C2/Q 

The left coset space O2/Q is the space of aU orbits 

{R{U, V)R{S, 0) = R{US, VS) \ S E U{n)] under right action of the subgroup Q. This space 
can serve to identify states in the Fock space representation of the orthogonal group. If 
U is invertible the operator U'^~^V'^ = U'^~^SS'^V'^ = {US)'^~^{yS)^ is invariant against 
the right action of this subgroup. From the identity ()30p we obtain W^^V + VU~^ = 
C/t-i (y^U + UW) tJ-^ = 0. Hence 

X := VU'^ = -U^-'^V'^ = -X'^ (37) 

is a skew symmetric HS operator, which characterizes the orbit through R{U^ V). 



Remark 3 Knowing the operator (31) one can easily obtain a transformation on the orbit. 

The operators L = {l + XX'^Y^' > {) and W = X {l + X'^ X)'^ = -W^ satisfy the con- 
ditions i29\) and i30\} so that R{L, W) is an orthogonal transformation. The formula |g7[ j 
WL~^ = X reproduces the input X. Hence R(L,W) is a point on the orbit specified by X. 

If ker [/ 7^ the space Tio = ker U^ = ker (US)' , S unitary, is invariant against the right 
action of the group Q. This space can therefore be used as a coordinate for an orbit. But the 
operator (I37p is no longer defined. It is convenient to introduce the notion of a generalized 
inverse operator. Let A £ CiT~L) be an operator with closed range. Then the generalized 
inverse A'^^^^ G ^{'H) of A is defined as, cf. e. g. [HIE], 

A{-i)f._A-ipf_S^~^f if/eranA, 
^ ^-^ ^^-{0 if/GkerAt = (ranA)^, ^^^^ 

where P is the projector onto van A. The operator A^~^' satisfies the identities AA^^^' = 
P and A^~^' A = Q, thereby Q is the projector onto ran^^^ The relations {A') = 

(^(-l))^ {aY~^^ = (A(-i)) and {A^Y'^^ = (A(-i))^ are valid. In the sequel we write 

^t(-i) instead of {A^^ . If S is a unitary operator, then the operators SA and AS have 
also a closed range, and the following identities are true 

(SA)^-^^ = A^-^^Sl (A5)(~^) = 5U(~i). (39) 

Using the notation of the definition (j38p the generalization of (|37p is the HS operator 



X := yi7(-i) = vu-'Pi # PiVU-'Pi = -y^t/t(-i). (40) 

The skew symmetry is again a consequence of ()30p : X + X^ = Pi (VU^^ + W^^V'^) Pi = 



[/t( 1) ([/ty -)- V U) [/' ^' = 0. The operator (j40p is invariant against right action of the 

subgroup Q : VU^^^> = VSS'^U^^^' = {VS){US) , and it can serve as second coordinate 
for an orbit. 
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5 Representations 

This section presents the central result of this paper: the construction of a representation of 
02(^r)- We are looking for operators T{R), which have the properties 

R e C'2('Hm) -> T (R) unitary operator on A{n), T{id) = lA{n)^ (41) 

and which implement canonical transformations, cf. ()23p . 

TiR)Aif)T\R) = A{Rf), f G Tiu. (42) 

Since the CAR algebra generated by {A(/) | / G "Hm} is irreducible within A{'H), the unitary 
operators T(R) are determined by ()4ip up to a phase factor. Moreover, the group laws of 
02(^k) and the relation ^ imply T{R2)T{Ri)A{f)T\Ri)T\R2) = T{R2)A{Rif)T\R2) = 
A(i?2-Ri/), and the product rule 

T{R2)T{Ri) = x{R2, Ri)T{R2Ri) with x(i?2, Ri) G C, \x{R2, ^i)| = 1 (43) 

follows. Hence R E 02{'Hm.) — )■ T {R) is a unitary ray representation. The multiplier x 
satisfies the cocycle identity xi^-s^ R2)x{R3R'2, Ri) = xiR^-, R2Ri)x{R2-, Ri) as consequence 
the associativity of the operator product. 

A simple class of canonical transformations arise if R{U, V) is C-linear, i.e. for U = S £ 
Uil-L) and V = Q. Then the condition (j25|) is fulfilled and T{S, 0) = T{S) is a unitary operator 
on A{T-L) that leads to the transformation Ta^{f)T~^ = a^{Sf) of the creation/annihilation 
operators in agreement with the rule (I22p . The group laws and (I43p imply the relations 

T{S)T{U,V) = xTiSU,SV), T{U,V)T{S) = xTiUS,VS) (44) 

with phase factors x- 

In Sec. 15.11 the case of orthogonal transformations R{U, V) with an invertible operator 
U is investigated. For these transformations superanalytic methods are adequate. The con- 
struction is first given for operators T {R) = T[U,V] on the module space A {H). These 
operators have the structure T {R) = kq®T (R) with T {R) G C {A(T-L)), and the pull-back 
to operators T (R) on the Fock space A{'H) can be easily performed. The case of orthogonal 
transformations with operators U, which are not invertible, is treated in Sec. 15.21 Then the 
construction given in Sec. 15.11 is only possible on the subspace ^^(J^i), Ti = ran [/"'", and a 
separate investigation concerning the finite dimensional space A{J-'o), J-q = ker f7, is necessary. 

5.1 Transformations R(U,V) with invertible U 

5.1.1 The ansatz 

Let R{U, V) be an orthogonal transformation of the group 02('Hr) with an invertible operator 
U . In correspondence to the case of bosons - cf. Sec. 5.1. in [1^ - the representation 
T{R) = T [[/, V] of this transformation is now defined on the set of exponential vectors 
exp^, ^ G ^A) by the ansatz 



f [[/, V] expe := ex exp (-]^ (^ II V^U^'^i)^ ^(X, U^'^0 G C^i^l 



(45) 
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with the skew symmetric HS operator (j37p X = VU ^ = — [/^ ^F^ and the normalization 
constant 

ex = (det (/ + X^X] Y^^ = cx^. (46) 



The tensor ^ is an ultracoherent vector (jlOp . The operator y := —V'^U'^^^ = U~^V is a 
skew symmetric HS operator, and the quadratic form (^ || Y £) is an element of A2. The 
exponential series exp (2 {^ \\ ^ 0) converges within Aq, cf. Appendix IA.2I The right side of 
(j45p is therefore a well defined element of C (T^a)- The exponential vector exp,^ and (j45p are 
entire analytic functions in the variable ^ E ^a- Using (|45p and (jlip we derive the identity 



expel r(i?)exp?? =cx (exp^ | ^(FC/-\ C/t-i??) exp (-i (r/ || Ft[/t-i,A) = 

/ - \ (47) 

ex exp (-i (7/ II yt[/t-i^^) exp ([/-i^ I r; - ly^^*) = iT{R-^)e^^i\ expr?) 



with i? ^(C/, V) = R{U\ V"^), cf. ([32]) . Since ^ and 7/ are arbitrary vectors in T-La, the identity 
()47p implies that (I45p has a A-linear extension onto C {T-La) that satisfies T(i?) (Aexp^) = 
A (r(i?)expM , A G A. Moreover, we obtain the operator identity 

f+{R) = (f{R)y = f{R'^) (48) 



on the space C (T-La)- Using the formula (fT2]) the A-inner product ( T(i?) exp^ | T{R) exp^ 
is calculated with the result iT{R)exp^ \ T(i?)expM = exp (^ | ^) for all R G 02{'Hr) 
and e € "Ha- By analyticity arguments this identity implies (T{R)ex.p^ \ T(i?)exp?7j = 

(exp^ I T+(i?)T(i?) expr/ j = (exp^ | exp??) for all ^,r] € T-La, and we obtain the operator 

identity 

f+iR)f{R) = id (49) 

on C^CHa)- The relations (j48]) and (j49]), which are valid for all R G 02(^]r), imply that f{R) 

is an invertible operator on C (T-L) with inverse iT{R) 1 = T^{R). 

To obtain the pull-back of the operators T{R) to the Fock space A{'H) we observe that 
the ansatz (jl5]) has the following structure: T{R) does not operate on the A factors of exp^, 
hence T(R) is the product 

f{R) = Ko^T{R), (50) 

where T{R) is an operator on A{'H). The explicit form of T{R) can be recovered from (|45p by 
contraction of the A-factors. For any A G A we have T[R) (A | expe)^^^ = ( '^ I T{R)exp^] 



'A 
Since the C-linear span of the set {(A | exp^)^} with A G A and ^ G Ha is dense in AiTi), the 

operator T{R) is determined by ()15]) . The factorization (j50|) and the identities (j^Hj) and ()i9|) 

imply that the operator T{R) has a unique extension to a unitary operator on A{'H). 

Remark 4 Starting from the expansion ^ = X^^gp^ Km ® fm ^ T~La with an ON basis {k^} of 
Ai and vectors fm ^T~i, one obtains a more explicit version of the ansatz (4^) , which allows 
to derive T{R) (/i A ... A /„) for arbitrary vectors fj GTi, j = 1, ...,n, n G N. The calculation 
is given in the Appendix \B.l[ 
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The formula (j45p applies to transformations R{U, 0) with a unitary operator U = S £ 
Uil-L). For these transformations it has the simple form T [S, 0] exp ^ = exp(5^), and T [S, 0] 
is identified with T [S, 0] = T[S) := kq ® r(S').The unitary transformation T{S) is a canonical 
transformation on A{T-L) as already stated in the introductory part of Sec. O The operators 
([i5|) satisfy the relations 

f{S)f [[/, V]=f [SU, SV] and f [U, V] t{S) = f [US, VS] , (51) 

which imply the corresponding identities for T [U, V] . 

If U is not invertible, the ansatz (j45p is not defined for vectors S, G "Ha = Ai®?^ with a 
component in Ai(g)J"o)-^o = kerC/. But we can obtain a mapping Ti = Ti [U,PiV] = Ti{Ri) 
from C^(Ai§J"i) = r{Qi)C^{'HA) onto C^Aig^i) = f(Pi)C^(?^A) that represents the 
transformation Ri = R{U,PiV) of Eq. (I36p rl On the restricted set of coherent vectors exp^ 
with ^ e Ai(g)J^i, J^i = vanU^ , we define the operator 

fi [[/, Pi^] expe := ex ^{X, ?7t(-i)^) exp T-i (^ II T/^f/^^-^^^)] G C^(Ai®?^i) (52) 



with the skew symmetric operator (I40|) X and the normalization constant (I46p . The right side 
of ([52]) depends only on the operators U = PiU and PiV. Arguments as used for ([15]) yield 
that the ansatz ([52]) can be extended to an invertible mapping from A {J^i) onto ^ (^i). 

There is another approach to the operator Ti. Let Uq be a partial isometry from J^q onto 
^0) i-e. the operator C/q satisfies UqUq = Pq and f/oC/o = Qo- Then the transformation 
R{U + C/q) -Pi^) is an orthogonal transformation with invertible first argument {U+ Uq)^^ = 
U^~^' + Uq, and the operator T[U + Uq, PiV] can be defined by the ansatz (j45]) . The mapping 
(|52]) is the restriction of the operator f[U + Uq, PiV] to the space A^{J^i) = t{Qi)A^{n) 

fi [[/, PiV] f (Qi) = f[U + Uo, PiV] f (Qi). (53) 

If S* is a unitary operator onT-L, we infer from (|52p . or from (j5ip and ()53p . the following 
identity, which is needed in Sec. 15.2.21 

ti [[/, P^V] f (Qi) = fi [^75, PiVS] f (5tQi). (54) 

As a consequence of (j50|) and (f53|) the operator Ti has the structure Ti{Ri) = kq ® Ti{Ri), 
where Ti is an isometric surjective mapping from A{Fi) onto AiJ-Li). 

5.1.2 The intertwining relation with Weyl operators 

The ansatz (I45p and the relation (113p for the Weyl operators yield the identity 
f(i?)iy(Oexpr? = cx^(A:, C/t-i(e + r?)) x 

exp (^- (^ I r?) - i (^ I - ^ (e + ^ II V^U^-\i + r/))) (55) 

with the operator ([37j) X, the normalization constant (|16]) . and supervectors C^r] £ T-La. On 
the other hand W{Ri)f{R) expr/ is calculated using ([18]), ([29]), ([30]) and (gS]) with the same 
result. The intertwining relation 

f{R)W{i) = W{Ri)f{R) (56) 



^For the definition of tiie spaces and the operators see Sec. 14.21 
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is therefore true on the space C{'H\) for all R{U,V) £ 02{'Hm.) with invertible U and for all 
supervectors ^ G Ti/y. Then Lemma |4] implies that this identity is true on the module Fock 
space A {'H). Hence the operators ()45p implement Bogoliubov transformations as defined in 

Sec. [321 

If U is not invertible, we can derive a partial intertwining relation for the mapping (j52p . 
The orthogonal transformation R is restricted to the isometric mapping i?i := R(U, PiV) 
from J^iK onto Tiim.- If ?7 is a supervector in Ai^J^i, the tensor i?ir/ = C/r/ + PiVr]* is a 
supervector in Ai(S'T-li- Then the calculations given above go through with supervectors C, ry G 
Ai(g)J^i and the skew symmetric operator (flOll X. The resulting identity T{Ri)W{^)expr] = 
W{Ri(,)T{Ri)expr] implies the relation 

fi{Ri)W{Ot{Qi) = W{RiOTi{Ri)HQi). (57) 

5.2 Transformations R(U,V) with kerf/ 7^ {0} 

If ker [/ = J-Q 7^ {0} it is convenient to split the orthogonal transformation R(JJ, V) into the 
sum ([36]) . At the end of Sec. IS.l.ll we have introduced the isometric mapping Ti from A{Ti) 
onto AiTii) as representation of the partial isometry Ri = R{U, PiV), the second term in the 
sum ([36]) . In Sec. I5.2.1l we construct an isometric mapping Tq from A{J^o) onto ^(^0) that 
is a representation of the partial isometry Rq = R{0,PoV), the first term in the sum (p6]l . In 
Sec. 15.2.21 we derive that the combined action of these operators is a representation of the 
orthogonal transformation (I36p on the Fock space A{T-L). 

5.2.1 A duality mapping between finite dimensional spaces 

We start with a linear partial isometry J from J^q onto T-Lq, i.e. J satisfies the identities 
J^J = Qo and JJ^ = Pq. We choose an ON basis {cm, rn G M} , M = {1, ..., n} of TIq. Then 
the vectors |/m = — J"^ ej„ | m, G M} form an ON basis of J-q. We define the linear mapping 
To [J] by its action on the basis {/ki K C M} of A{To) 

To [J] /k := (-l)"(^''')eN\K, K C N. (58) 



The number t(K,N) has been defined at the end of Sec. 12.11 The linear extension of (|58p 
is obviously an isometric linear isomorphism Tq [J] between A{J^o) and A{7io). The operator 
To has the following intertwining relations with the operator A(/i) = a~^{h) — a~{h) 

To[J]A{h) = A{Roh)To[J] if/iGJo- (59) 

Thereby Rq := R{0,J) is the M-linear operator ([MD R{0,J)h = J/i*.The proof of these 
relations is given in Appendix IB. 21 The irreducibility of the CAR algebras of the spaces 
A{To) and A(7io) implies that the operator Tq is unique except for a phase factor. Hence the 
constructions of the operator (i58]l based on different choices of the basis {cj} can disagree 
only in a multiplicative phase factor. 

Remark 5 In Ref. 126^ the mapping l[58\) has been constructed using creation and annihila- 
tion operators. If J-q = %q = Hq - e. g. in the case of a real self-adjoint operator U - the 
mapping i58\) is a modified Hodge star operator within A{7io)- 
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The ambiguity of Tq [J] is an overall phase factor, which can be fixed at the vacuum /0 
of the space Tq. With the labels Tq [J, e], where e = Tq [J,e] /0 G 'Hq'^ is the image of the 
vacuum vector, the mapping Tq [J, e] is uniquely determined. With this phase convention the 
relation 

To[J,e]r{S) = To[JS,e] (60) 

is valid for all unitary operators S G Uil-L). 

The mapping Tq [J] has the natural extension Tq [J] = kq^Tq [J] to an invertible mapping 
from K®A{J^q) onto h(^A{HQ). The intertwining relation of this operator To(^o) = Tq [J] 
with the Weyl operator follows from (I59|) as 

fQ{RQ)W{Of{QQ) = W{RQi)fQ{RQ)t{QQ). (61) 

Thereby T{Qq) is the projection operator onto the space K®A{Fq) C A {%). 

There is a structural difference between operators Tq [J] with an even dimension of 1-Lq = 
ran J(= hsiW) and operators with an odd dimension of this space. If dim^^o is even, the 
operator Tq maps tensors of parity vr onto tensors with the same parity. If dim "Ho is odd, 
the operator Tq changes the parity tt into vr + lmod2. This structural difference of Tq [J] 
reflects the group theoretical difference between the orthogonal transformations R{U, V) with 
dim (ker U) even or odd. If dim (ker L'^) is even (odd), the orthogonal transformation R{U, V) 
belongs (does not belong) to the connectivity component of the group identity, cf . § 6 of [2] . 

5.2.2 The general case 

The canonical transformation T{R) is defined on A {Ti) combining the operators Tq and (I52p 
Ti. Thereby the operator J is identified with PqV = VQq. We have to take into account 
that Tq interchanges the parity of states, if n = dimj^o = dim^o is an odd number. The 
mapping T{R) = T[U,V] is now defined on the product H = Hq o Hi G A^{'H) of tensors 
Ek G A^{Tk) = t{Qk)A^(n), k = 0,l, as 

f{R) (Ho o Hi) = fto(i?o)Ho) o (fi(i2i)f ((-l)"Qi)Hi) (62) 



with n = dim J"o = dim^o- The spaces Tk and Tik, k = 0,1, and their projection operators 
are defined in Sec. 14.21 The mapping (j62]) is the A-extension of the operator T{R) on A{'H) 
that is constructed from Tq and Ti by 

T{R) {Fq a Fi) = (ToiRo) Fq) A (Ti(i?i)r((-l)"Qi) Fi) (63) 

with tensors Fk G A{J^k),k = 0,1. From the Sects. 15.11 and 15.2.11 we know that the opera- 
tors Tfc, A; = 0, 1, are surjective isometric mappings from A{J^k) onto A{'Hk)- The operator 
r((— l)"'(5i) is an invertible isometry on A{J-'i). Hence the linear extension of (I63p is a unitary 
operator on A{'H). If we fix the phase of the operator Tq{Rq) = Tq [PQV,e] as done in Sec. 
15.2. H the definition (I62p and the relations (I54p and (I60p imply the identity 

T [U, V] r{S) = T [us, VS] (64) 

without additional phase factor for all S £U{y.). 

In the last step we give a proof that the operators (j63p satisfy the intertwining rela- 
tion (f28]l with the Weyl operators. Let H = Hq o Hi G A (T-L) be the product of tensors 
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Hyfc G A^{Tk), A; = 0, 1, where Sq has the parity 7r(Ho) = p. Then the identities ([20]) and ([62]) 
imply f (i?)Ty(e) (Ho o Hi) = (fo(i?o)W^(QoOSo) o (fi(i?i)f ((-irQi)Ty((-l)PQie)Hi) . 
Prom ^ we know f((-l)"Qi)VF((-l)PQiC)Hi = VF((-l)P+"QiOr((-l)"Qi)Hi. Using 



the relations (1571) and (|6T]) we obtain 



T(i?)H^(0 (Ho o Hi 
T^(i?oe)Tb(i?o)Ho) o (H^((-l)P+"i?iC)ri(i?i)f((-l)"Qi)^i 



On the other hand we have from (1201) and (|62 



(65) 



W^(i?OTi?)(HooHi) = 

(H^(i?oe)Tb(i2o)Ho) o (T^((-l)''i?iOri(i?i)f ((-l)"Qi)Hi) . ^^^^ 

where g is the parity of To(i?o)Ho- If n is even, the operator Tq does not change the parity, and 
q = p follows; if n is odd, the operator Tq changes the parity, and q = p + 1 mod2 follows. In 
both cases we have q = p + n mod2, and the tensors ()65p and (I66p agree. Hence the relation 
(|28l) is derived for all R G 02(^^1;) and all ( G ?^a. 



5.3 The orbit of the vacuum 

Starting from H = kq (8) Ivac in formula (I62p we obtain the orbit of the vacuum in the module 
space A {'H). If U is invertible, we can take the definition (j45p with ^ = 0. The pull-back of 
this formula to A{T-l) is easily seen as 

$ [[/, y] = e{X) := ('det ('j + X^x) ) "^ ^ exp Q (X) (67) 

with X = VtJ-^. If ker [/t = ^q / {0} the additional factor Tq [PqV] lyac = e = ei A ... A e^ G 
^0" appears that is determined - except for a phase factor - by the subspace T-Lq = PqH 

$[C/,y] = ei A... Ae„ Ae(X) (68) 

with X = Vty^~^\ Since ranX C T-Li = rant/ the tensor Q{X) is an element of AiJ-Li). The 
vectors ([67]) have a positive overlap with the vacuum [lyac \ ^{^)) = (det (/ + XX^)) > 

0, whereas the vectors ()68p are always orthogonal to the vacuum. 
If U is invertible, the relation 

$ [[/, V] = ^ [US, VS], S(^ U{n), (69) 

follows for the vectors (167p . If kerC/T = ^^ ^ jg}^ we can fix the phase of the operators 
T{i{Ro) = Tq [PQV,e\ as indicated in Sec. 15.2.11 Then the rule (jM|) implies the relation ([69]) 
also for the vectors (j68p . As a consequence of this phase convention the vectors $ only 
depend on the variables of the coset space 02/Q- Using the notations T{R) and $(i?) instead 
of T [[/, V] and ^ [C/, V], we obtain from (|43p the transformation rule for vectors on the orbit 
of the vacuum 

T{R2)HRi) = xHR2Ri), (70) 
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where Rj G O2, j = 1,2, are orthogonal transformations, and x is a phase factor. If Ri and 
R3 = R2R1 ai'e orthogonal transformations with invertible U, the transformation rule (I70p ) 
gets the form 

T[[/2,V2]e(Xi) = xe(X3) (71) 

with X3 calculated from the product rule (f3T]) . We can choose the operators C/i = (/ + XiX^^ 

and Vi = Xi (I + X+Xi)"^ cf. Remark E] in Sec. iH Then C/3 = U2U1 + F2VI and 
Vs = U2V1 + V2U1 yield the operator 

X3 = V^U^^ = {U2X1 + V2) {U2 + V2Xi)-^ (72) 

on the right side of (j7ip . A formula of this type is given in Sec. 12.2 of [22] for the finite 
dimensional orthogonal group. 

A Fock space calculations 

A.l Products 

The following norm estimate for the exterior algebra is well known 



\\F A G|| < W ^^^ \\F\\ \\G\\ if F e Ap{n), G € Aq{n), (73) 

where ||.|| is the standard Fock space norm ([1]) and p,q G {0} U N are the degrees of the 
tensors. The modified norm ([2]) of the Grassmann algebra A leads to the estimates 



p\n^ 



\\M\a < y (^p + q)i II^IIa II^IIa ^ II^IIa II/^IU if a g a^, ^x g a,. (74) 



These stricter bounds imply that the Grassmann product is continuous with |19t I20j 

IIA1A2IIA < \/3||Ai||^||A2||a foranAi,2GA. (75) 

If A G Ai the estimate ||A/i||y\^ < ||A||a||//||a follows from ()74p for all /i G A. The definition 

([2]) of the norm implies that the product Ak of vectors in the generating space A^ G Ai, /c G 

K, |K| = p G N, has a norm ||Ak||a < (p!)~^ U llAfclU. 

feeK 

The product B o H is not defined on the full module Fock space A (T-L), but it can be 
extended to a larger space than AfiniTi) by continuity arguments. Any tensor G A%^{'H) 
can be decomposed into = X^^o ®p with G A(iiAp(T-l). The product has the structure 
0p o Sg G Ai^Ap+q{'H) if 0p G Ai^ApiTi) and Eg G Ai^Aq{T-L) with norm estimate 



lin o" II <r /o JP + lV- ur^ II 11^ II /7R^ 

We introduce the family of Hilbert norms ||0||(^) = Z]^o(pO" l|0pll(g) with a parameter 
a > 0. The completion of A^^^{%) with respect to the norm ||.||(q,) is called A^A%). The 
inclusions Aj^^in) C Af^^iTi) C ^fo)('^) = -^^C^)^ a > 0, are obvious. Then Proposition 3 
in Appendix A of [19] (or the results of [20]) imply the statement: 
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Lemma 5 The product of Af^^iJ-L) can he extended to a continuous mapping A^^^^iJ-L) x 
Afp^{n) -^ A^{n) for spaces Af^^iTi) and A^^^in) if a > and (3 > 0. 



Another extension of the product is formulated in Lemma O for which the proof is given 
here. We start with a tensor S A^^^iTi) and choose an ON basis {Km | m G N} of Ai. Then 

^ € Ha can be written as ^ = ZlmeM ^m «> hm with hm € V. , T^meM ll^mll^ = llCllI and an 
index set M C N. The set {pluz, \ L G 'P(N), p = |L|} is an ON basis of A, and the tensor Q 
can be expanded as = X]LG7'{N)^''^L®i^(L) with F(L) £ A{7i), I]lg-P(n) 11-^(^)11 = ||0||,g,- 
The tensor ^ o = J2m L P-'^m'^L <8) {hm A -F(L)) has the norm 

11^ ° ©ll^ < X^Ke-p(N) {(P + -*-) ""^ Yl' ll^m A F(L)II) , where the sum ^' extends over the p + 1 

pairs {(m, L) e N x P(N) | {m} U L = K, |K| = p + 1}. This inequahty imphecl 

U o Q\\l < Em.N \\hm A F(N)f < (Znen \\Kf) ' ELePm) ll^(L)f = ll^lll ll©llL Hence 



the operator norm estimate ([3]) is true for G A^^il-L). The extension to tensors G ^ (?^) 
foUows by continuity. 

The inequahty ([3]) imphes that the creation operator b^{S,) is a continuous operator on 
A {Ti) with operator norm ||6'*'(C)|| < llCll(g)- Moreover, a shght modification of the proof 
yields that the annihilation operator b^{^) = J2meM^rn '^ 0'~{^m) is also continuous with 
operator norm \\h-{i)\\ < \\C\\^ = \\i\\^. 

A. 2 Exponentials of tensors of second degree 

If X is an operator in £2(71), the following three statements are valid: 

1. There exists an ON system {cm G ?^ | m € M U (-M)} with M = {1, 2, ..., M} or M = 
N and complex numbers z^ G C with \zi\ > \z2\ > ... > so that the mapping 
Ti 3 f ^ Xf G % has the representation 

Xf = '^ Zm {Cm {e-m \ f) " e_m {Cm | /)) • (77) 

meM 

The numbers Zm are square-summable with Ylm^M l^ml = 2~^trA"'"X = 2~^ ||-'^||2- 
Here {f \ g) = (/* | g) is the C-bilinear symmetric form introduced in Sec. 12.11 

2. There exists exactly one tensor Cl{X) G A2{'H) such that the identities 

{niX) \fAg) = {fAg\ (7(X)) = {f\Xg) = -{g\ Xf) (78) 

are true for all f,g & 7i. The mapping /^^("H) 9 X — )• fl{X) G A2{'H) is a linear and 
continuous isomorphism, the norms are related by ||il(Ar)||2 = 2~^ ||X||j:^^. 

3. The exponential series ([8]) converges absolutely, and the inner product of two of these 
exponentials is ([9]). 

The first Statement is an immediate consequence of Lemma 4.1 in |26j . 



^Here we use the estimate ( X]7=i ^j ) ^ "- ( 5I!7=i ^j ) 
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The identities (j78p imply that X — )• Vt{X) is a Hnear bijective mapping from X G J-^iTi) 
- the space of skew symmetric finite rank operators - onto Q{X) € H AH. Given X G J-^{T-L) 
the operator X has the representation (j77p with a finite index set M. The tensor 

J1(X) := ^ z^ e_m A e™ (79) 

mgM 

is an element oi % f\T-L and it satisfies the identities ()78p . Then the norm identity ||X||2 = 
2EaGM k"i|^ = 2 ||J^(X)||2 yields that the linear mapping J"" (H) ^ X ^ Vl{X) G A2{'H) can 
be extended by continuity to /^^("H). The relation (i78]l is equivalent to 
{f^g\n{X)) = {g\Xn. 

For the proof of Statement 3 we start from the representation (]79p of the tensor il(X) 
with a finite or countable set M C N. Then the powers of are calculated as Vt^'P{X) = 
p\ YliA |A|=p -^A e_A A eA- Thereby ^^ |A|=p means summation over all subsets A C M with 
I A| = p > 1 elements. The exponential series is exp Q{X) = ^^ zx &-A A ba, where the sum 
extends over all finite subsets A of M, including A = 0. The inner product 

(f]^^(X) I f)^P(X)) = (p!)2 Y. \Za^'...\zaX<p\[Y.\'nn = p\ (\\\XtX (80) 

A,|A|=p VnGM / ^ ^ 

yields the identities 



|expQ(X)f = Ep=0,l,2,... feni<n2<...<np WA^ - WX) = H (1 + l^n|^) 



neM 



Vdet (/ + X^X) = ^det(/ + XXt) < exp U ||^ 



(81) 



Hence the exponential series dH) converges in norm within A{T-L) for all X G £2 (^)) ^'^d 
£2(71) B X ^ eyipQ{X) £ A{T-l) is an entire analytic function. The mapping 
C^W) X C^C^) 3 (^,>') -^ V{X,Y) := (expS7(X) | expS7(y)) G C is antianalytic in X 
and analytic in Y. Hence the function (p{X, Y) is uniquely determined by the values on the 
diagonal X = Y, and ip{X, X) = y/ del {I + X^ X) = ^det{I + XX^) imphes ©^ 

Since the left side of ([9|) is antianalytic in X and analytic in Y the function y^det(/ + Xty) 
can be expanded in a power series of the variables X' and Y. An explicit form can be obtained 
from the left side of ([9]). This expansion is often formulated with pfafhans of the operators 
X^ and Y restricted to final dimensional subspaces, cf. e.g. Sec. 12 of [22] or [IB] . 

The exponential of a tensor A G A2 converges within A with norm estimate 

llexp Alii < 1 + IIAIli + (2!)-2 Wx^ + ... ^ ^^=0 bO"' l|A||i^ < exp (||A|| 



A. 3 Ultracoherent vectors 

The mapping ACH) 3 F ^ kq F £ A (T-L) gives a natural embedding of the Fock space 
AiTi) into the A-module A^{'H) = A^AiTi). The tensor ([8]) can therefore be identified with 
the element *(X) := kq (^ exprj(X) = exp {kq (^ ^(X)) of A^CH). The norm of *(X) is 

||^(A:)||^ = llexp J1(A:)|| = (det {l + X^X)f^^. If ^ G n^' is an element of the algebraic 
superspace and X G £2^(7^) is a finite rank operator, the exponential functions are finite 
sums, and the identities (exp^) o ^(X) = ^(X) o (exp^) = exp (^ + kq (8> ^(X)) follow by 
algebraic calculation. The norm estimate ([3]) implies that the products (exp^) o ^(X) and 
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*(X) o (exp^) are defined with a norm ||(expO o ^(^)|L < E«(pO" U^ ° ^(^)IL < 



p\ 



EpbO"' llelll • ||*(^)IU = (exp llelU) ll^(^)IU- Hence the ultracoherent vector 

^(X,0 := (expO o ^(X) = ^(X) o (expO (82) 

is a weh defined element of ^^('H) for all X G C2{'H) and ^ G "^^a- Moreover, the inequalities 
© and dlO]) imply the estimate ||^p o [kq (8) ^^'')||^ < Vo^- U\\% ■ \\^f for all integers p,q>0. 
Hence the series exp (^ + kq ® ^(^)) converges uniformly in ^ and X within the space A {'H) 

with the norm estimate ||exp (^ + kq ® f^W)IU < Ep,g>o (pO~' ('ZO"^ ll^ll| (2"^ ll^llz)'- 
The tensor ([82]) therefore coincides with exp {^ + ko (E> ^{X)) for all X G C^iV,) and ^ G ?^a- 
The tensors exp^, ^{X) and ^(X, ,^) have even parity. 

Remark 6 The existence of the products (8^1 can also he derived from Lemma O The power 
^^ is an element of A.®Ap{T-L) with norm ||^^||^ < HCIIJ'- Hence exp^ is an element of the 
space A^AT-L) if a ^ [0,2). The tensor kq (g) f!.^'^{X) is an element of A0A2q{'H) with norm 

\\KQ(g)n^'i{X)\\l < (ql) \\X\\l'^, cf (Eg;. Hence ^{X) is an element of the space Af^^{n) if 
/3 G [0,1/2). The conditions of Lemma\^for the product \8S\) are therefore satisfied. 

The relation (/ A 5 | ^{X)) = {g \ X f*) , f,g e H, implies (C o ^ | kq ® ^{X)) = (^ | ^ D 
with S, G T-l\. Then the identity 

(expei^(x)) = exp^(eixr) m) 

follows by series expansion and repeated use of the identity ([6]) . The relation (llip is a conse- 
quence of the identities ([5]) , ([6]) and ([83|) . 

To derive the action of the Weyl operator on an ultracoherent vector ^{X, S,) we calculate 
with the variables ^,r] e Ha and X G >C^(^) using (fT3|) and pT]) 
(exp e I W{rj)^{X,0) = {W+{T])e^p ^ \ ^{X,0) = 

exp (-i {rj* II r/) + i {rj* \\ Xr]* - 2^) (exp^ || exp (^ + r/ - Xr]* + kq <^ ^{X))). This iden- 
tity implies the formula (jlSp . The restriction of (|18p to ^{X) is 

VF(r/)*(X) = exp (--(??* \\r]-Xr])j ^{X,r] - Xr]*). (84) 

Let ^ be a supervector in Ha, then 77 = (I -^ XX'^)'^^ + X{I + X'^Xy'^i* is an element 
of Ha, which satisfies rj — X-q* = ^. With this supervector ^ we obtain from ^^ 

(85) 



Wirj)^{X) = ^{X, exp Q (^ II (/ - X^Xy'C + X\l - XX^)-\)\ . 



The in ner product {W ^ \ W ^) is known as {W{r])^{X) \ W(r})^{X)) = {^{X) \ ^(X)) = 
kq (8> ydet(T+XJX). Substituting (f85|) into this identity we obtain formula p^ . 



B Calculations for Sec. [5] 

B.l The operator T{R) of Sec. ISJH 

In this Appendix we calculate the image of the operator T{R) on arbitrary factorizing tensors 
/m G Ap{H) with |M| = M G N. We start from the expansion ^ = X^^^gpj K,m® fm G ^A with 
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an ON basis {nm} of Ai and vectors fm ^11 with ^^ ||/m|| = IICII®- The coherent vector 
is exp^ = X^McN '^M ® /m- The quadratic form {£,\Y £) agrees with (kq ® ^(X) I C o 0; cf. 
Appendix lA. 31 and its exponential is, cf. (j83]) . 

exp Q (e I y j = (exp (ko ® 0(y)) I exp = XI '^(^) ""^ 

^ ^ MCN 

with ipiJS/V) := (expil(y) | /m)- The numbers (/'(M) have the values 
ip{$) = 1, 99(M) = if |M| is odd, and 

(/.(M) = (g!)-i (j^^-^iy) I /m> = Pf ((/™ I y/„)M) 

if |M| = M = 2q, g G N. Thereby (/„ | y/n)M ^^ ^^^ skew symmetric M x M matrix 
{{fm I Yfn) ) '^ £ M, n G M}, and Pf is the pfafiian of this matrix. The A-dependent factors 
of the right side of (jl5]) are 



exp (i (^ I YO) exp (C/t-i^) = 

(Ekcn '^(K) a^k) (Elcn '^l O (C/t- V)l) = 

EmcN '^M (EKUL=M,KnL=0(-l)"^''''^V(K)(^t-l/)i^ 



The sign factor comes from kk/^l = (— 1)^ ^''^^kul- Including the factor cx exp (kq (E> ^(-^)) 
the right side of the ansatz ([l5|) gets the form X^^i-pj ^m i8> F(M), where the tensors F(M) e 
^("H) are given by 

F{M)=T{R)fM = cx i Yl (-ir(^'^V(K)(C/t-V)L) Aexpfl(X). 

\KUL=M,KnL=0 / 

For tensors of degree less than 3 we obtain T{R)lyac = cx exp$7(X), 

T{R)f = cx (f/^"V) A expn{X), and 

T{R) (/i A /2) = cx ((f/^-Vi) A (?7t-i/2)) + (/i I Yf2) l.ac) A expO(X). 

B.2 Calculations for the duality mapping 

If A and B are finite subsets of N and n is an element of N, we define the following numbers: 
r(n, B) := # {6 G B with n > b} and r(A, B) := # {(a, 6) G A x B | a > 6}. Let ^ be a 
Hilbert space with ON basis {e^ | n G N}. The creation/annihilation operators a^ = a^{en) 
are determined by their values on the ON basis vectors {eA | A C N} of A{T-l): 



a+CA = if n G A, o+ca = (-l)^^"'^^eAu{n} if n ^ A, 

flnCA = (-l)^^"'^^eA\{n} if ^ G A, a'CA = if n ^ A. 



(86) 



Taking the definitions of spaces and operators from Sec. 15.2.11 the operator = Tq [J] is 
defined as 

e/K:=(-ir(^'^)eK, KCM. (87) 

Thereby M is the finite set M = {1, ..., n}, and K := M\K is the complement of K C M. The 
ON basis systems {cm, rn G M} C T-Lq and {fm, "n^ ^ M} C J^o are related by the involution 
J^o — ^ -^0 ^^^ by the linear isometry J : Fq ^ Tio 

era = -JfL m G M. (88) 
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Using the relations (|86|) and (j87|) we obtain the identities 

ea+(/„)/K=OifmeK 

a-(e„.)e/K = (-l)^(^'^)a"(e„.)eK = (-l)"^'''^^-""^'"'^^e(g\^^j) if m G K 

a-(e„^)e/K = (-l)"(^'^^a-(e„)eK = if m € K 

Then the relation T(m,K) + r(K+ {m} ,M) = t(K,M) + T(m, K) mod 2 implies Ga+(/m) = 
a~(em)0 for all ?tt, G M. The mapping ()87p has therefore properties 

ea±(/„)Gt = a^iem), m £ M. (89) 

For h £ To a basis expansion /i = EmGM7m/m, 7m e C, leads to a+(/i) = Sm7ma+(/m) 
and a~{h) = ^rnlrnO'~{fm)- Taking into account the relations (|88|) the identities ([89|) get the 
more abstract form 

ea^(/i)e^ = -a^(J/i*) if /i G Fq. (90) 



These identities are equivalent to (j59|) . 
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